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Abstract
We propose a new systematic fibre bundle formulation of nonrelativistic
quantum mechanics. The new form of the theory is equivalent to the usual
one but it is in harmony with the modern trends in theoretical physics and
potentially admits new generalizations in different directions. In it a pure
state of some quantum system is described by a state section (along paths)
of a (Hilbert) fibre bundle. It’s evolution is determined through the bundle
(analogue of the) Schro¨dinger equation. Now the dynamical variables and
the density operator are described via bundle morphisms (along paths). The
mentioned quantities are connected by a number of relations derived in this
work.
In this third part of our series we investigate the bundle analogues of
the conventional pictures of motion. In particular, there are found the state
sections and bundle morphisms corresponding to state vectors and observ-
ables respectively. The equations of motion for these quantities are derived
too. Using the results obtained, we consider from the bundle view-point
problems concerning the integrals of motion. An invariant (bundle) neces-
sary and sufficient conditions for a dynamical variable to be an integral of
motion are found.
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1. Introduction
The present paper is a third part of our series on fibre bundle formulation
of nonrelativistic quantum mechanics. It is a direct continuation of [?, ?].
The work is organized in the following way.
The bundle description of the different pictures of motion is presented in
Sect. 2. The Schro¨dinger picture, which, in fact, was investigated in [?, ?],
is reviewed in Subsection 2.1. To the bundle Heisenberg picture is devoted
Subsection 2.2. The corresponding equations of motion for the observables
are derived and discussed. In Subsection 2.3 is investigated the ‘general’
picture of motion obtained by means of an arbitrary linear unitary bundle
map (along paths). In it are derived and discussed different equations for
the state sections and observables.
In Sect. 3 are investigated problems concerning the integrals of motion
from fibre bundle point of view. An interesting result here is that a dy-
namical variable is an integral of motion iff the corresponding to it bundle
morphism is transported along the observer’s world line with the help of the
(bundle) evolution transport.
Sect 4 closes the paper.
The notation of the present work is the the same as the one in [?, ?] and
will not be repeated here.
The references to sections, equations, footnotes etc. from [?, ?] are
obtained from their corresponding sequential reference numbers in [?, ?] by
adding in front of them the Roman one (I) or two (II), respectively, and a
dot as a separator. For instance, Sect. I.5 and (II.2.7) mean respectively
section 5 of [?] and equation (2.7) (equation 7 in Sect. 2) of [?].
Below, for reference purposes, we present a list of some essential equa-
tions of [?, ?] which are used in this paper. Following the above convention,
we retain their original reference numbers.
ψ(t2) = U(t2, t1)ψ(t1), (I.2.1)
i~
dψ(t)
dt
= H(t)ψ(t), (I.2.6)
H(t) = i~
∂U(t, t0)
∂t
◦ U−1(t, t0) = i~
∂U(t, t0)
∂t
◦ U(t0, t), (I.2.9)
〈A(t)〉tψ :=
〈ψ(t)|A(t)ψ(t)〉
〈ψ(t)|ψ(t)〉
, (I.2.11)
Ψγ(t) = l
−1
γ(t)(ψ(t)) ∈ Fγ(t), (I.4.2)
〈A‡x→yΦx|Ψy〉y := 〈Φx|Ay→xΨy〉x, Φx ∈ Fx, Ψy ∈ Fy, (I.4.10)
U†(t1, t2) = U
−1(t2, t1), (I.5.4)
Ψγ(t) = Uγ(t, s)Ψγ(s), (I.5.7)
Uγ(t, s) = l
−1
γ(t) ◦ U(t, s) ◦ lγ(s), s, t ∈ J, (I.5.10)
U ‡γ (t, s) = Uγ(t, s) = U
−1
γ (s, t), (I.5.14)
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i~
dΨγ(t)
dt
= Hmγ (t)Ψγ(t), (II.2.11)
Γγ(t) :=
[
Γba(t; γ)
]
= −
1
i~
Hmγ (t), (II.2.21)
Dγt Ψγ = 0, (II.2.24)
Aγ(t) = l
−1
γ(t) ◦ A(t) ◦ lγ(t) : Fγ(t) → Fγ(t), (II.3.1)
〈Aγ(t)〉
t
Ψγ
=
〈Ψγ(t)|Aγ(t)Ψγ(t)〉γ(t)
〈Ψγ(t)|Ψγ(t)〉γ(t)
, (II.3.2)
〈A(t)〉tψ = 〈Aγ(t)〉
t
Ψγ , (II.3.3)
[D˜γt (C)] =
d
dt
Ct + [Γγ(t),C t] . (II.3.27)
2. Pictures of motion from bundle view-point
Well-known are the different pictures (or representations) of motion of a
quantum system [?, ch. VIII, §§ 9, 10, 14], [?, ch. III, § 14], [?, § 27, § 28]:
the Schro¨dinger’s, Heisenberg’s, interaction’s, and other ‘intermediate’ ones.
Bellow we consider certain problems connected with these special represen-
tations of the motion of a quantum system from the developed here fibre
bundle view-point on quantum mechanics.
2.1. Schro¨dinger picture
In fact the (bundle) Schro¨dinger picture of motion of a quantum system is
the way of its description we have been dealing until now [?, ?].
Let γ : J → M be the world line of an observer. The state of a system
is described by a (state) section Ψγ ∈ Sec
(
(F , pi,M )|γ(J)
)
which, possibly,
may be multiple-valued; at the moment t it is represented by the state
vector Ψγ(t) := Ψγ |γ(t). It is generally a variable in time quantity evolving
according to the bundle Schro¨dinger equation (II.2.24).
In this description to any dynamical variable A there corresponds a
unique bundle morphism A along paths over (F , pi,M ). With respect to
the observer at γ(t) it reduces to Aγ(t) which generally depends on t nev-
ertheless that in the Hilbert space description the observable can be time-
independent. It (or its evolution) is explicitly given by (II.3.1).
Geometrically the bundle morphisms of (F , pi,M ) ‘live’ in the fibre bundle
morf(F , pi,M ) := (F0, pi0,M ) of bundle morphisms of (F , pi,M ) introduce
by [?, equations (3.9) and (3.10)]:
F0 = {Bx : Bx : Fx → Fx, x ∈ M },
pi0(B) = xB , B ∈ F0,
(2.1)
for the unique xB ∈ M for which B : FxB → FxB .
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Evidently B ∈ Morf(F , pi,M ) ⇐⇒ B ∈ Sec (morf(F , pi,M )) , i.e.
Morf(F , pi,M ) = Sec (morf(F , pi,M )) . (2.2)
A morphism A along paths is represented with respect to a given ob-
server by, maybe multiple-valued, morphism Aγ ∈ Morf
(
(F , pi,M )|γ(J)
)
=
Sec
(
morf(F , pi,M )|γ(J)
)
such that Aγ |γ(t) := {Aγ(s) : s ∈ J, γ(s) = γ(t)}.
Summing up, in the bundle Schro¨dinger picture (in the general case)
both the state vectors and the dynamical variables change with time in the
above-described way in the corresponding fibre bundles.
2.2. Heisenberg picture
Below we present two different ways for introduction of bundle Heisenberg
picture leading, of course, to one and the same result. The first one is based
entirely on the bundle approach and reveals its natural geometric character.
The second one is a direct analogue of the usual way in which one arrives
to this picture.
According to [?, sect. 4] or [?, sect. 3] any linear transport along paths is
locally Euclidean, i.e. (see [?, sect. 4] for details and rigorous results) along
any path there is a field of (generally multiple-valued [?, remark 4.2]) bases,
called normal, in which its matrix is unit. In particular, along γ : J → M
there exists a set of bases
{
{e˜γa(t)} − basis in Fγ(t)
}
in which the matrix of
the bundle evolution transport Uγ(t, s) is U˜ γ(t, s) = 1 . Explicitly one can
put e˜γa(t) = Uγ(t, t0)e
γ
a(t0), where t, t0 ∈ J and the basis {e
γ
a(t0)} in Fγ(t0) is
fixed [?, proof of proposition 3.1] (cf. [?, equation (4.2)]).1 Because of (I.5.9),
(II.2.20), and (II.2.21) this class of special bases along γ is uniquely defined
by any one of the (equivalent) equalities:
U˜ γ(t, t0) = 1 , Γ˜γ(t) = 0, H˜mγ (t) = 0. (2.3)
So, in such a special basis the matrix-bundle Hamiltonian vanishes and,
consequently (see (II.2.11)), the components of the state vectors remain
constant in time t, i.e. Ψ˜γ(t) = const, but the vectors themselves are not
necessary such.
In {e˜γa(t)} the components of Aγ(t) are
˜(Aγ(t))ab =
〈
e˜γa(t)|
(
Aγ |Fγ(t)
)
e˜γb (t)
〉
γ(t)
= 〈Uγ(t, t0)e
γ
a(t0)|Aγ(t)Uγ(t, t0)e
γ
b (t0)〉γ(t)
= 〈eγa(t0)|U
−1
γ (t, t0)Aγ(t)Uγ(t, t0)e
γ
b (t0)〉γ(t) =
˜(AHγ,t(t0))ab,
1The so-defined bases are not uniquely defined at the points of self-intersection, if any,
of γ. Evidently, they are unique on any ‘part’ of γ without self-intersections. The last
case covers the interpretation of γ as an observer’s world line, in which it cannot have
self-intersections. See [?, sect. 4] for details.
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where
AHγ,t(t0) := U
−1
γ (t, t0) ◦Aγ(t) ◦ Uγ(t, t0) : Fγ(t0) → Fγ(t0). (2.4)
Hence the matrix elements of Aγ(t) in {e˜
γ
a(t)} coincide with those of AHγ,t(t0)
in {eγa(t0)}. Consequently, due to (I.2.11), (II.3.2), (II.3.3), and (I.5.14), the
mean value of A (along γ) is
〈Aγ(t)〉
t
Ψγ =
(
A˜γ(t)
)
ab
Ψ˜aγ(t)Ψ˜
b
γ(t)/〈Ψγ(t)|Ψγ(t)〉γ(t)
=
(
A˜Hγ,t(t0)
)
ab
Ψ˜aγ(t)Ψ˜
b
γ(t)/〈Ψγ(t0)|Ψγ(t0)〉γ(t).
But Ψ˜γ(t) = Ψ˜γ(t0), hereout
〈Aγ(t)〉
t
Ψγ = 〈A
H
γ,t(t0)〉
t0
Ψγ
. (2.5)
So, the mean value of Aγ(t) in a state Ψγ(t) is equal to the mean value
of AHγ,t(t0) in the state Ψγ(t0). Taking into account that the only measur-
able (observable) physical quantities are the mean values [?, ?, ?], we infer
that the descriptions of a quantum system through either one of the pairs
(Ψγ(t),Aγ(t)) and (Ψγ(t0),A
H
γ,t(t0)) are fully equivalent. The former one is
the Schro¨dinger picture of motion, considered above in Sect. 2.1. The latter
one is the bundle Heisenberg picture of motion of the quantum system. In it
the time dependence of the state vectors is entirely shifted to the observables
in conformity with (2.4). In this description the (bundle) state vectors are
constant and do not evolve in time. On the contrary, in it the observables
depend on time and act on one and the same fibre of (F , pi,M ), the one to
which belongs the (initial) state vector. Their evolution is governed by the
Heisenberg form of the bundle Schro¨dinger equation (II.2.24) which can be
derived in the following way.
Substituting (I.5.10) and (II.3.1) into (2.4), we get
AHγ,t(t0) = l
−1
γ(t0)
◦ AHt (t0) ◦ lγ(t0) : Fγ(t0) → Fγ(t0), (2.6)
where (cf. (2.4))
AHt (t0) := U(t0, t) ◦ A(t) ◦ U(t, t0) : F → F (2.7)
is the Heisenberg operator corresponding to A(t) in the Hilbert space de-
scription (see below).
A simple verification shows that
i~
∂AHt (t0)
∂t
=
[
AHt (t0),H
H
t (t0)
]
+ i~
(
∂A
∂t
)H
t
(t0). (2.8)
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Here (∂A/∂t)Ht (t0) is obtained from (2.7) with ∂A/∂t instead of A and
HHt (t0) = U
−1(t, t0)H(t)U(t, t0) = i~U
−1(t, t0)
∂U(t, t0)
∂t
(2.9)
(cf. (2.7)) with H(t) being the usual Hamiltonian in F (see (I.2.9)), i.e.
HHt (t0) is the Hamiltonian in the Heisenberg picture.
Finally, from (2.6) and (2.8), we obtain
i~
∂AHγ,t(t0)
∂t
=
[
AHγ,t(t0),H
H
γ,t(t0)
]
+ i~
(
∂A
∂t
)H
γ,t
(t0) (2.10)
in which all quantities with subscript γ are defined according to (2.6). This
is the bundle equation of motion (for the observables) in the Heisenberg
picture of motion of a quantum system. It determines the time evolution of
the observables in this description.
Now we shall outline briefly how the above results can be obtained by
transferring the (usual) Heisenberg picture of motion from the Hilbert space
F to its analogue in the fibre bundle (F , pi,M ).
The mathematical expectation of an observable A(t) in a state with a
state vector ψ(t) is (see (I.2.11), (I.2.5), and (I.5.4))
〈A(t)〉tψ =
〈ψ(t)|A(t)ψ(t)〉
〈ψ(t)|ψ(t)〉
=
〈ψ(t0)|U
−1(t, t0)A(t)U(t, t0)ψ(t0)〉
〈ψ(t0)|ψ(t0)〉
.
Combining this with (2.7), we find:
〈A(t)〉tψ = 〈A
H
t (t0)〉
t0
ψ = 〈A
H
t (t0)〉
t0
ψHt
, (2.11)
ψHt (t0) := ψ(t0). (2.12)
Thus the pair (ψ(t),A(t)) is equivalent to the pair (ψ(t0),A
H
t (t0)) from
the view-point of observable quantities. The latter one realizes the Heisen-
berg picture in F . In it the state vectors are constant while the observables,
generally, change with time according to the Heisenberg form (2.8) of the
equation of motion.
The bundle morphisms along paths corresponding to A and AHt (t0) are
defined (see (II.3.1)), respectively, by Aγ(t) = l
−1
γ(t) ◦A(t)◦ lγ(t) and (see (2.7)
and (I.5.10))
AHγ,t(t0) = l
−1
γ(t0)
◦ AHt (t0) ◦ lγ(t0) = U
−1
γ (t, t0) ◦ Aγ(t) ◦Uγ(t, t0). (2.13)
Hence to the Heisenberg operator AHt corresponds exactly the introduced
above by (2.4) (Heisenberg) morphism AHγ,t(t0). In particular, to the Hamil-
tonian H(t) and its Heisenberg form HHt (t0), given by (2.7) for A = H or
Bozhidar Z. Iliev: Bundle quantum mechanics. III 6
by (2.9) (cf. (I.2.9)), correspond the morphisms (see (II.3.1) and (II.3.8))
Hγ(t) = l
−1
γ(t) ◦ H(t) ◦ lγ(t) and (cf. (2.6) and (2.9))
HHγ,t(t0) = l
−1
γ(t0)
◦ HHt (t0) ◦ lγ(t0) = U
−1
γ (t, t0) ◦Hγ(t) ◦ Uγ(t, t0) (2.14)
the latter of which is exactly the one entering in (2.10).
Now it is a trivial verification that the morphisms AHγ,t(t0) satisfy the
bundle Heisenberg equation of motion (2.10).
Thus the both approaches are self-consistent and lead to one and the
same final result, the bundle Heisenberg picture of motion.
According to the above discussion, in the bundle Heisenberg picture the
state of a quantum system is described by a constant state vector
ΨHγ,t(t0) = Ψγ(t0) ∈ Fγ(t0) (2.15)
and generally changing in time observables AHγ,t(t0) ∈ pi
−1
0 (γ(t0)) (see the
notation at the end of subsection 2.1). If ∂A/∂t = 0, which is assumed
usually [?, ?], our results depend only on the point x = γ(t) but not on the
map γ itself; otherwise, as for different γ the point x = γ(t) may be different,
the theory depends explicitly on the observer’s world line γ : J → M and
it (or, more precisely, the bundle (F , pi,M )) has to be restricted on the set
γ(J).
In the Hilbert bundle description the transition from the Schro¨dinger
picture to the Heisenberg one is by means of (2.4) and (2.15), while in the
Hilbert space description it is via (2.7) and (2.12). A feature of the former
description is that in it the Heisenberg picture is ‘locally’ identical with the
Schro¨dinger one in a special field of bases characterized by any one of the
equations in (2.3).
An interesting interpretation of the Heisenberg picture can be given
in the fibre bundle morf (F , pi,M ) = (F0, pi0,M ) of bundle morphisms of
(F , pi,M ) (see subsection 2.1). Since U is a transport along paths in the
fibre bundle (F , pi,M ), then, according to [?, equation (3.12)], it induces a
transport ◦U along paths in morf (F , pi,M ) whose action on a morphism Aγ
along γ : J → M is
◦Uγ(t, s)(Aγ(s)) := Uγ(t, s) ◦ Aγ(s) ◦Uγ(s, t) ∈ pi
−1
0 (γ(t)). (2.16)
Comparing this definition with (2.4), we obtain
◦Uγ(t0, t)(Aγ(t)) := A
H
γ,t(t0). (2.17)
Consequently the transport ◦U along paths is just the map which maps
the bundle Schro¨dinger representation of the observables into their bundle
Heisenberg representation. A simple corollary of this fact and (I.3.2) is that
the Heisenberg morphisms along paths, like AHt : γ 7→ A
H
γ,t : x 7→ {A
H
γ,t(s) :
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s ∈ J, γ(s) = x}, are linearly (or, more precisely, ◦U -)transported sections
along paths of morf (F , pi,M ):
AHγ,t(t1) =
◦Uγ,t(t1, t0)A
H
γ,t(t0). (2.18)
Let ◦D be the derivation along paths corresponding to ◦U according
to (II.2.18) (see also [?, ?]), i.e. ◦D : γ 7→ ◦Dγ : s 7→ ◦Dγs with
◦Dγs (Aγ) := lim
ε→0
{
1
ε
[◦U (s, s+ ε) (Aγ(s+ ε))− Aγ(s)]
}
. (2.19)
A simple calculation shows that in a local field of bases the matrix of
◦Dγs (Aγ) is
[◦Dγs (Aγ)] = − [Aγ(s),Γγ(s)] +
∂Aγ(s)
∂s
(2.20)
where Γγ(s) :=
[
Γba(s; γ)
]
:= ∂U γ(s, t)/∂t|t=s is the matrix of the coeffi-
cients of U (not of ◦U !). From here, using (II.2.21) and (II.3.10), one, after
some matrix algebra, finds the explicit form of (2.19):
◦Dγt (Aγ) =
1
i~
[Aγ(t),Hγ(t)] +
(
∂A
∂t
)
γ(t)
, (2.21)
the last term being defined via (II.3.1).
The last result, together with (2.4), shows that the Heisenberg equation
of motion (2.10) is equivalent to
∂AHγ,t(t0)
∂t
= Uγ(t0, t) ◦ (
◦Dγt (Aγ)) ◦Uγ(t, t0). (2.22)
By the way, this equation is also an almost trivial corollary of (2.19), (2.17),
and (I.3.2).
Now the analogue of (II.2.25) is
◦Dγt ◦
◦U γ(t, t0) = 0,
◦U γ(t0, t0) = idpi−10 (γ(t0))
. (2.23)
From here and (2.18), we derive the bundle Heisenberg equation of motion
(for the observables) as
◦Dγt0
(
AHγ,t(t0)
)
= 0 (2.24)
which is another equivalent form of (2.10).
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2.3. ‘General’ picture
Let the map Vγ(t, s) : Fγ(s) → Fγ(t), s, t ∈ J be linear and unitary, i.e.
(see (I.4.15)) V ‡γ (t, s) = V −1γ (s, t), where V
−1
γ (s, t) is the left inverse of
Vγ(s, t). A simple calculation shows that
〈Aγ(t)〉
t
Ψγ = 〈A
V
γ,t(t1)〉
t1
ΨVγ,t
, (2.25)
where (I.4.10) was used, t1 ∈ J , and
ΨVγ,t(t1) := Vγ(t1, t)Ψγ(t) ∈ Fγ(t1), (2.26)
AVγ,t(t1) := Vγ(t1, t) ◦ Aγ(t) ◦V
−1
γ (t1, t) : Fγ(t1) → Fγ(t1). (2.27)
Thereof the pairs (Ψγ(t),Aγ(t)) and (Ψ
V
γ,t(t1),A
V
γ,t(t1)) provide a fully
equivalent description of a given quantum system. The latter description
can be called the V -picture or general picture
of motion. For t1 = t and Vγ(t, t) = idFγ(t) it coincides with the
Schro¨dinger picture and for t1 = t0 and Vγ(t0, t) = Uγ(t0, t) it reproduces
the Heisenberg picture.
The equations of motion in the V -picture cannot be obtained directly
by differentiating (2.26) and (2.27) with respect to t because derivatives like
∂Vγ(t1, t)/∂t are not (‘well’) defined due to Vγ(t1, t) : Fγ(t) → Fγ(t1). They
can be derived by differentiating the corresponding to (2.26) and (2.27) ma-
trix equations, but we prefer the below-described method which explicitly
reveals the connections between the conventional and the bundle descrip-
tions of quantum evolution.
The analogues of (2.25), (2.26), and (2.27) in the Hilbert space F , which
is the typical fibre of (F , pi,M ), are respectively:
〈A(t)〉tψ = 〈A
V
t (t1)〉
t1
ψVt
(
= 〈Aγ(t)〉
t
Ψγ
)
, (2.28)
ψVt (t1) := V(t1, t)ψ(t) ∈ F , (2.29)
AVt (t1) := V(t1, t) ◦ A(t) ◦ V
−1(t1, t) : F → F (2.30)
where V(t1, t) : F → F is the linear unitary (i.e. V
†(t1, t) = (V(t, t1))
−1) op-
erator corresponding to V (t1, t) : Fγ(t) → Fγ(t1), that is we have (cf. (I.5.10))
Vγ(t1, t) = l
−1
γ(t1)
◦ V(t1, t) ◦ lγ(t). (2.31)
The description of the quantum evolution via ψVt (t1) and A
V
t (t1) is the
V -picture of motion in F . Besides, due to (I.4.2), (II.3.1), and (2.26)–(2.31),
we have:
ΨVγ,t(t1) := l
−1
γ(t1)
(
ψVt (t1)
)
= ΨVγ,t(t1), (2.32)
AVγ,t(t1) := l
−1
γ(t1)
◦ AVt (t1) ◦ lγ(t1) = A
V
γ,t(t1). (2.33)
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According to (2.31)–(2.33) the sets of equalities (2.25)–(2.27) and (2.28)–
(2.30) are equivalent; they are, respectively, the Hilbert bundle and the
(usual) Hilbert space descriptions of the V -picture of motion.
Differentiating (2.29) with respect to t, substituting into the so-obtained
result the Schro¨dinger equation (I.2.6), and introducing the modified Hamil-
tonian
H˜(t) := H(t)− VH(t1, t), (2.34)
VH(t1, t) := i~
∂V−1(t1, t)
∂t
◦ V(t1, t) = −i~V
−1(t1, t) ◦
∂V(t1, t)
∂t
, (2.35)
we find the state vector’s equation of motion in the V -picture as
i~
∂ψVt (t1)
∂t
= H˜Vt (t1)ψ
V
t (t1), (2.36)
where
H˜Vt (t1) = V(t1, t) ◦ H˜(t) ◦ V
−1(t1, t) = H
V
t (t1)− VH
V
t (t1) (2.37)
with
HVt (t1) := V(t1, t) ◦ H(t) ◦ V
−1(t1, t),
VH
V
t (t1) := V(t1, t) ◦VH(t1, t) ◦ V
−1(t1, t) = −i~
∂V(t1, t)
∂t
◦ V−1(t1, t)
(2.38)
is the V -form of (2.34).
The equation of motion for the observables in the V -picture in F is
obtained in an analogous way. Differentiating (2.30) with respect to t and
applying (2.38), we find
i~
∂AVt (t1)
∂t
=
[
AVt (t1),VH
V
t (t1)
]
+ i~
(
∂A(t)
∂t
)V
t
(t1). (2.39)
Now the bundle equations of motion in the V -picture are simply a corol-
lary of the already obtained ones in F . In fact, differentiating the first
equalities from (2.32) and (2.33) with respect to t and then using (2.36),
(2.39), (2.32), and (2.33), we, respectively, get:
i~
∂ΨVγ,t(t1)
∂t
= H˜Vγ,t(t1)Ψ
V
γ,t(t1), (2.40)
i~
∂AVγ,t(t1)
∂t
=
[
AVγ,t(t1),VH
V
γ,t(t1)
]
+ i~
(
∂A(t)
∂t
)V
γ,t
(t1), (2.41)
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where
H˜Vγ,t(t1) = l
−1
γ(t1)
◦ H˜Vt (t1) ◦ lγ(t1) = Vγ(t1, t) ◦ H˜γ(t) ◦V
−1
γ (t1, t),
VH
V
γ,t(t1) = l
−1
γ(t1)
◦VH
V
t (t1) ◦ lγ(t1) = Vγ(t1, t) ◦VHγ(t1, t) ◦ V
−1
γ (t1, t),
(2.42)
with H˜γ(t) := l
−1
γ(t)◦H˜(t)◦lγ(t) and VHγ(t1, t) = −i~V
−1(t1, t)◦lγ(t1)◦
∂V(t1,t)
∂t
◦
lγ(t), are the modified and the ‘additional’ Hamiltonians in the V -picture
(cf. (2.34), (2.27), and (2.33)).
Now we consider briefly the evolution operator and transport in the V -
picture. In F and in (F , pi,M ) they are define respectively by (cf. (I.2.1)
and (I.5.7))
ψVt (t1) = U
V(t, t1, t0)ψ
V
t0
(t1), (2.43)
ΨVγ,t(t1) = U
V
γ (t, t1, t0)Ψ
V
γ,t0
(t1), (2.44)
and, due to (2.36) and (2.40), satisfy the following initial-value problems:
i~
∂UV(t, t1, t0)
∂t
= H˜Vt (t1) ◦ U
V(t, t1, t0), U
V(t0, t1, t0) = idF , (2.45)
i~
∂UVγ (t, t1, t0)
∂t
= H˜Vγ,t(t1) ◦ U
V
γ (t, t1, t0), U
V
γ (t0, t1, t0) = idFγ(t1) . (2.46)
Combining (2.43) , (2.29), and (I.2.1) from one hand and (2.44), (2.26),
and (I.5.7) from another hand, we respectively obtain:
UV(t, t1, t0) = V(t1, t) ◦ U(t, t0) ◦ V
−1(t1, t0) : F → F , (2.47)
UVγ (t, t1, t0) = Vγ(t1, t) ◦ Uγ(t, t0) ◦ V
−1
γ (t1, t0) : Fγ(t1) → Fγ(t1). (2.48)
Notice that in the Heisenberg picture we have
UH(t, t0, t0) = idF and U
H
γ (t, t0, t0) = idFγ(t0) , (2.49)
respectively.
Substituting in (2.48) the equalities (2.31) and (I.5.10) and taking into
account (2.47), we find the connection between the two evolution operators
in the V -picture as
UVγ (t, t1, t0) = l
−1
γ(t1)
◦ UV(t, t1, t0) ◦ lγ(t1). (2.50)
At the end of this subsection we want to notice that the derived here
equations have a direct practical applications in connection with the ap-
proximate treatment of the problem of quantum evolution of state vec-
tors and observables (cf. [?, ch. VIII, § 14]). Indeed, by (2.34) we have
H(t) =VH(t, t1) + H˜(t). We can consider
H(0)(t) :=VH(t1, t) = i~
∂V−1(t1, t)
∂t
◦ V(t1, t) (2.51)
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as a given approximate (unperturbed) Hamiltonian of the quantum system
with evolution operator U (0)(t1, t) = V(t1, t). (In this case H
(0)(t) is in-
dependent of t1 and V
−1(t1, t) = V(t, t1).) Then H˜(t) may be regarded, in
some ‘good’ cases, as a ‘small’ correction to H (0)(t). In other words, we can
say that H (0)(t) is the Hamiltonian of the ‘free’ system, while H(t) is its
Hamiltonian when a given interaction with Hamiltonian H˜(t) is introduced.
In this interpretation the V -picture is the well known interaction pic-
ture. In it one supposes to be given the basic (zeroth order) Hamiltonian
H(0)(t) := VH(t, t1) and the interaction Hamiltonian H
(I)(t) = H˜(t). On
their base can be computed all other quantities of the system described
by them. In particular, all of the above results hold true for V(t1, t) =
U (0)(t1, t) = Texp
(
t1∫
t
H(0)(τ)dτ/i~
)
. Besides, in this case the total evolu-
tion operator U(t, t0) = Texp
(
t∫
t0
H(τ)dτ/i~
)
splits into
U(t, t0) = U
(0)(t, t0) ◦ U
(I)(t, t0) (2.52)
with U (I)(t, t0) := Texp
(
t∫
t0
(
H(I)
)U(0)(t0)
τ
dτ/i~
)
, where
(
H(I)
)U(0)(t0)
τ
is an
operator given by (2.37) for H˜ = H(I), t1 = t0, and V(t0, t) = U
(0)(t0, t).
Now the equations of motion (2.36) and (2.39) take, respectively, the form:
i~
∂ψ(I)(t)
∂t
=
(
H(I)
)t
U(0)
(t0)ψ
(I)(t), (2.53)
i~
∂A(I)(t)
∂t
=
[
A(I)(t),
(
H(I)
)t
U(0)
(t0)
]
+ i~
(
∂A
∂t
)U(0)
t
(t0) (2.54)
where ψ(I)(t) := ψU
(0)
t (t0) and A
(I)(t) := AU
(0)
t (t0). Up to notation the
last two equations coincide respectively with equations (55) and (56) of [?,
ch.VIII, § 15].
The bundle form of the interaction interpretation of the V -picture of
motion will not be presented here as an almost evident one.
3. Integrals of motion
Usually [?, ch. VIII, § 12], [?, § 28] an explicitly not depending on time
dynamical variable is called and an integral (or a constant) of motion if the
corresponding to it observable is time-independent in the Heisenberg picture
of motion. Due to (2.8) this means
0 = i~
∂AHt (t0)
∂t
=
[
AHt (t0),H
H
t (t0)
]
. (3.1)
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Hence, if ∂A(t)/∂t = 0, then A is an integral of motion if and only if it
commutes with the Hamiltonian. Due to (2.7), (2.30), and (2.39) this result
holds true in any picture of motion.
If (3.1) holds, then ∂A(t)/∂t = 0 and (2.7) imply
A(t) = A(t0) = A
H
t (t0) = A
H
t0
(t0). (3.2)
From (2.7) and (3.2) one easily obtains that (3.1) (under the assumption
∂A(t)/∂t = 0) is equivalent to the commutativity of the observable and the
evolution operator:
[A(t0),U(t0, t)] = 0 (3.3)
which, in connection with further generalizations, is better to be written as
A(t0) ◦ U(t0, t) = U(t0, t) ◦ A(t). (3.4)
It is almost evident that the mean values of the integrals of motion are
constant:
〈A(t)〉tψ = 〈A
H
t (t0)〉
t0
ψ = 〈A
H
t0
(t0)〉
t0
ψ = 〈A(t0)〉
t0
ψ . (3.5)
In particular, if ψH(t) = ψ(t0) is an eigenvector of A
H
t (t0) with eigenvalue
a, i.e. AHt (t0)ψ
H(t) = aψH(t), then a = const as 〈AHt (t0)〉
t0
ψH
= a. Besides,
in the Schro¨dinger picture we have A(t0)ψ(t) = aψ(t).
Evidently, the identity map idF , which plays the roˆle of the unit operator
in F , is an integral on motion. For it any state vector is an eigenvector with
1 ∈ R as eigenvalue.
Before looking on the integrals of motion from the fibre bundle point
of view, we shall generalize the above material in the general case when
∂A(t)/∂t may be different from zero.
We call a dynamical variable, which may be explicitly time-dependent,
an integral (or a constant) of motion if its mean value is time-independent.
According to (II.3.3), (2.25) and (2.28) this definition does not depend on
the used concrete picture of motion, as well as on the conventional or bundle
description of the theory. Hence, without a lost of generality, we consider
at first the Schro¨dinger picture in F .
So, by definition, A(t) : F → F is an integral of motion if
〈A(t)〉tψ = 〈A(t0)〉
t0
ψ (3.6)
for some given instant of time t0.
Due to (I.2.11), (I.2.1), (I.2.5), and (2.7) the last equation is equivalent
to
A(t) = U(t, t0) ◦ A(t0) ◦ U(t0, t) = A
H
t0
(t) (3.7)
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or to
U(t0, t) ◦ A(t) = A(t0) ◦ U(t0, t). (3.8)
Thus (3.4) remains true in the general case, when it generalizes the commu-
tativity of an observable and the evolution operator; in fact, in this case we
can say, by definition, that A and U commute iff (3.8) holds.
Differentiating (3.7) with respect to t and using (I.2.9), we see that A is
an integral of motion iff
i~
∂A(t)
∂t
+ [A(t),H(t)] = 0 (3.9)
which for ∂A(t)/∂t = 0 reduces to (3.1). In fact, according to (2.7) and (2.8),
in the Heisenberg picture (3.9) is equivalent to
0 = i~
(
∂A(t)
∂t
)H
t
(t0) +
[
AHt (t0),H
H
t (t0)
]
= i~
∂AHt (t0)
∂t
(3.10)
which proves our assertion. Besides, from (3.10) follows
AHt (t0) = A
H
t0
(t0) = A(t0) (3.11)
but now A(t0) is generally different from A(t). In this way we have proved
that an observable is an integral of motion iff in the Heisenberg picture it
coincides with its initial value in the Schro¨dinger picture.
As in the explicitly time-independent case considered above, now one
can easily prove that if some state vector is an eigenvector for A with an
eigenvalue a, than A is an integral of motion iff a is time-independent, i.e.
a = const.2
Now we are going to consider the problem of integrals of motion from
the fibre bundle view-point.
A dynamical variable is called an integral of motion if the corresponding
to it bundle morphism (see Sect. II.3) has time-independent meanvalues,
viz.
〈Aγ(t)〉
t
Ψγ = 〈Aγ(t0)〉
t0
Ψγ
(3.12)
which, due to (II.3.3) is equivalent (and equal) to (3.6). From (3.7), (I.5.7),
(II.3.2), (I.4.10), (I.5.14), and (2.13), we see that (3.12) us equivalent to
Aγ(t) = Uγ(t, t0) ◦Aγ(t0) ◦Uγ(t0, t) = A
H
γ,t0
(t). (3.13)
2In fact, in this case we have A(t)ψ(t) = a(t)ψ(t) for ψ(t) satisfying i~ dψ(t)
dt
= H(t)ψ(t).
The integrability condition for this system of equations (with respect to ψ(t)) is i~ ∂A(t)
∂t
+
[A(t),H(t)] = i~ da(t)
dt
idF from where the above result follows.
Bozhidar Z. Iliev: Bundle quantum mechanics. III 14
A feature of the Hilbert bundle description is that in it, for the difference
of the Hilbert space one, we cannot directly differentiate with respect to t
maps like Aγ(t) : Fγ(t) → Fγ(t) and Uγ(t, t0) : Fγ(t0) → Fγ(t). So, to obtain
the differential form of (3.13) (or (3.12)) we differentiate with respect to t
the matrix form of (3.13) in a given field of bases (see Sect. II.2). Thus,
using (II.2.17), we find
i~
∂Aγ(t)
∂t
+
[
Aγ(t),H
m
γ (t)
]
= 0. (3.14)
Because of (II.2.21) and (II.3.27) this equation is the local matrix form of
the invariant equation
D˜γt (Aγ) = 0. (3.15)
Consequently a dynamical variable is an integral of motion iff the cor-
responding to it bundle morphism has a vanishing derivative along any ob-
server’s world line with respect to the derivation along paths (of the fibre
morphisms) associated with the bundle evolution transport.
If in some basis Aγ(t) = const = Aγ(t0), then, with the help of (3.9),
we get [Aγ(t),H
m
γ (t)] = 0, i.e. the matrix of Aγ and the matrix-bundle
Hamiltonian commute. It is important to note that from here does not follow
the commutativity of the morphism along paths, representing an observable
by (II.3.1), and the bundle Hamiltonian (II.3.8) because the matrix of the
latter is connected with the matrix-bundle Hamiltonian through (II.3.10).
If the state vector Ψγ(t) is an eigenvector for Aγ(t), i.e. Aγ(t)Ψγ(t) =
a(t)Ψγ(t), a(t) ∈ R, then 〈Aγ(t)〉
t
Ψγ
= a(t). Hence from (3.7) follows that
Aγ is an integral of motion iff a(t) = const = a(t0).
Rewriting equation (3.14) in the form of Lax pair equation [?]
∂
∂t
Aγ(t) = −
1
i~
[Aγ(t),H
m
γ (t)]− = [Aγ(t),Γγ(t)]−, (3.16)
where (II.2.21) was taken into account, we see thatA is an integral of motion
iff in some (and hence in any) field of bases the matrices Aγ(t) and Γγ(t)
form a Lax pair.
It is known [?, sect. 2] that the Lax pair equation (3.16) is invariant
under transformations of a form
Aγ(t) 7→WAγ(t)W
−1, Γγ(t) 7→WΓγ(t)W
−1 −
∂W
∂t
W −1 (3.17)
where W is a nondegenerate matrix, possibly depending on γ and t in
our case. Hence Aγ(t) transforms as a tensor while Γγ(t) transforms as a
connection. These observations fully agree with our results of Sect. II.2, ex-
pressed by equations (II.2.4) and (II.2.22) with (Ω⊤(t; γ))−1 = W , and give
independent arguments for treating (up to a constant) the matrix-bundle
Hamiltonian as a gauge (connection) field.
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Let us consider briefly the bundle description of integrals of motion in
the Heisenberg picture. In it (3.12) transforms to
〈AHγ,t(t0)〉
t0
Ψγ
= 〈AHγ,t0(t0)〉
t0
Ψγ
(3.18)
which is equivalent to (cf. (3.11))
AHγ,t(t0) = A
H
γ,t0
(t0) (= Aγ(t0)) . (3.19)
So, due to (2.10), the observable A is an integral of motion iff (cf. (3.10))
0 = i~
∂AHγ,t(t0)
∂t
=
[
AHγ,t(t0),H
H
γ,t(t0)
]
+ i~
(
∂A
∂t
)H
γ,t
(t0). (3.20)
This equation, due to (2.22), is equivalent to (cf. (3.15))
◦Dγt (Aγ) = 0. (3.21)
Therefore a dynamical variable is an integral of motion iff the corre-
sponding to it morphism along paths of (F , pi,M ) has a vanishing derivative
along any observer’s trajectory with respect to the derivation along paths in
morf (F , pi,M ) induces by the evolution transport (along paths).
Ending this section, we note that the description of the integrals of mo-
tion in the Hilbert space F and in the Hilbert fibre bundle (F , pi,M ) are
fully equivalent because of (II.3.1) and (I.4.1).
4. Conclusion
As we have seen, the different pictures of motion (Schro¨dinger, Heisenberg,
etc.) of quantum mechanics have their natural analogues in the fibre bundle
approach to it. Any one of them simplifies one or the other aspect of the
theory and is suitable for consideration of corresponding concrete problems.
The integrals of motion, investigated here from a fibre bundle view-point,
are a typical example of this kind in which the Heisenberg picture of motion
is the most suitable one. We have derived invariant (fibre bundle) necessary
and sufficient conditions for a dynamical variable to be an integral of motion.
Further in this series we intend to consider problems connected with
fibre bundle description of mixed states, evolution transport’s curvature,
interpretation of the Hilbert bundle description of quantum mechanics and
its possible developments.
